Let X be a smooth complex algebraic variety and let Coh(X) denote its Abelian category of coherent sheaves. We construct an explicit L ∞ algebra structure on the Gerstenhaber-Schack complex controlling the deformation theory of Coh(X) as an Abelian category when X can be covered by two acyclic open sets. We give examples of explicit deformation-obstruction calculus for such deformations. Deformations of complex structures and deformation quantization of X are recovered as degenerate cases.
Introduction
In [9] Gerstenhaber and Schack developed a deformation theory for diagrams of (associative) algebras, controlled by the Gerstenhaber-Schack complex C GS (see Def. 2.2). Here, a diagram of associative K-algebras over a small category U is a functor A : U op Alg K . Denoting by H GS the cohomology groups of C GS , deformations of a diagram A of associative algebras are parametrized by H 2 GS (A) with obstructions lying in H 3 GS (A). This deformation theory generalizes the usual deformation theory of algebras due to Gerstenhaber, as a "single" algebra A can be thought of as a diagram over the trivial category. Indeed, for a single algebra A, its Gerstenhaber-Schack complex C GS (A) reduces to its Hochschild complex CH (A), which is known to control the deformation theory of A as an associative algebra.
It is a remarkable fact that to a diagram of algebras A, one can associate a single algebra A!, its diagram algebra such that there is an isomorphism of the Hochschild cohomology HH n (A!) with the Gerstenhaber-Schack cohomology H n GS (A). Now let X be a smooth semi-separated scheme over an algebraically closed field K of characteristic 0, and let Coh(X) denote its Abelian category of coherent sheaves. Let U = {U i } i∈I be a semi-separating cover of X, i.e. a cover of acyclic open sets which is closed under intersections. We may think of U as a subcategory of Open(X), with objects U i and morphisms given by inclusion of open sets.
Any presheaf F on X restricts to a diagram of algebras F | U over U obtained by restriction of F : Open(X) op Alg K to the subcategory U ⊂ Open(X). In [13] Lowen and Van den Bergh developed a deformation theory for (abstract) Abelian categories and showed that for the Abelian category Coh(X) this deformation theory can be described via the deformations of the diagram O X | U .
Moreover, Dinh constructed a homotopy showing that the Lie algebra structure on the Hochschild complex CH (A!) can be transferred to an L ∞ algebra structure on the Gerstenhaber-Schack complex C GS (A). However, tracing such a homotopy is a labourious process.
In this paper we give an explicit construction of an L ∞ algebra structure on the Gerstenhaber-Schack complex via a different method for a diagram of associative algebras over U = . Our approach is based on derived brackets due to Voronov [14, 15] , which were also used in Frégier-Zambon [7, 8] , where the authors study several "simultaneous deformation" problems in algebra and geometry, such as simultaneous deformations of two Lie algebras and a morphism between them, of coisotropic submanifolds in Poisson manifolds, or of Dirac structures in Courant algebroids; these methods were also studied from an operadic point of view in Frégier-Markl-Yau [6] .
The L ∞ algebra structure on C GS allows us to give an explicit description of the deformation-obstruction calculus of Coh(X) in case X can be covered by two acyclic open sets. From this point of view our results can be summarized as follows. The deformation theory of Coh(X) is controlled by the L ∞ algebra gs(O X | U ) with underlying complex C GS = Tot C and multibrackets
where M and Φ and the original multiplications and morphisms in the diagram O X | U and x ∈ C 0, and a, a 1 , a 2 ∈ C 1, are homogeneous elements. A formula for x, a 1 , ... , a n ∈ C 1, is given in the proof of Proposition 4.7. Moreover, x, a 1 , ... , a n = 0 if n > |x| a 1 , ... , a n = 0 if n > 2.
Proof. This follows from Theorem 4.5, Proposition 4.7 and Corollary 4.11.
In general, deformations of Coh(X) can be thought of organizing three different types of deformations of structures linked to X into one coherent whole: Deformations of the complex structure of X, deformation quantization of the structure sheaf O X and deformations of the gerbe structure of O X .
The Gerstenhaber-Schack complex of the diagram O X | U computes the Hochschild cohomology HH n (X) of X, which by the Hochschild-Kostant-Rosenberg theorem decomposes into a direct sum
where T X is the (holomorphic) tangent bundle. Deformations of Coh(X) are parametrized by
with obstructions lying in
The summands of (1.2) have the following geometric interpretation:
is the space of almost Poisson structures. An almost Poisson structure η is a Poisson structure in case its Schouten-Nijenhuis bracket [η, η] ∈ H 0 (X, Λ 2 T X ) vanishes. Such a Poisson structure η is seen to parametrize a non-commutative deformation of O X in the sense of deformation quantization (Kontsevich [11, 12] )
(ii) H 1 (X, T X ) parametrizes "classical" deformations of the complex structure in the sense of Kodaira-Spencer [10] (iii) H 2 (X, O X ) parametrizes deformations of the gerbe structure in the sense of BresslerGorokhovsky-Nest-Tsygan [3] .
One readily notices the summands H 0 (X, Λ 3 T X ), H 2 (X, T X ) and H 3 (X, O X ) of (1.2) as the obstruction spaces for the types (i), (ii) and (iii), respectively.
An L ∞ algebra structure on the Gerstenhaber-Schack complex C GS now controls how these types of deformations interact. For example, a scheme may admit unobstructed deformations both in the "classical" and in the non-commutative sense, but generalized deformations may be obstructed. We give such examples in §6 and explicit computations for the noncompact surfaces Z k = Tot O P 1 (-k), for k ≥ 1, in §7.
2 Gerstenhaber-Schack complex Notation 2.1. Hom = Hom K and ⊗ = ⊗ K . Definition 2.2. Given a presheaf F over a small category U, consider the following first quadrant double complex
where the product is taken over all p-simplices in the simplicial nerve of U. The differentials of C p,q are the Hochschild and simplicial differentials 1
The Gerstenhaber-Schack complex is defined as the total complex C GS (F ) = Tot C p,q (F ) and the Gerstenhaber-Schack differential is the usual total differential
Remark 2.3. As a category U contains identity morphisms and the simplicial nerve N = N(U) contains simplices of length >1. There is a subcomplex, the reduced Gerstenhaber-Schack complex, consisting of those morphisms which vanish on simplices containing an identity arrow and the inclusion in the Gerstenhaber-Schack complex is a quasiisomorphism. Henceforth we shall work with the reduced Gerstenhaber-Schack complex.
Remark 2.4. Gerstenhaber-Schack [9] found that the total complex of the truncated complex with q ≥ 1 parametrizes deformations of F as a presheaf of algebras. Dinh VanLowen [4] showed that the full Gerstenhaber-Schack complex parametrizes deformations of a sheaf as a twisted presheaf, and can also be generalized to describe deformations of prestacks. (We note that to this end Dinh Van-Lowen defined a more complicated differential on C GS . 2 However, as long as X is covered by two acyclic open sets with acyclic intersection, this extra structure does not appear.)
Deformations of algebras and their diagrams
We briefly recall the deformation theory of a "single" associative K-algebra A = (A, µ). Its multiplication µ : A ⊗ A A can be viewed as an element of degree 2 in the Hochschild 1 These differentials are described in detail in Appendix A. complex CH (A). Let A ε = A ⊗ K ε and consider the natural extension of µ to A ε , given by
A ε of the form
(Note that there are no "twists" since C 2,0 is zero in the reduced Gerstenhaber-Schack complex.)
L ∞ algebras via Voronov's derived brackets
An L ∞ algebra 3 is a graded vector space together with a collection of n-ary "brackets" satisfying graded anti-symmetry and generalized Jacobi identities.
We find it convenient to shift the grading and work with what one may call an
gether with a collection of multilinear maps m n : g ⊗n g of degree 1 satisfying
for homogeneous elements x 1 , ... , x n . Here
• S n is the set of permutations of n elements
• ε(s) is the Koszul sign 4 of the permutation s, which also depends on the degrees of the x i .
We denote the n-ary multilinear maps m n (-, ... ,-) by -, ... ,-.
The first few generalized Jacobi identities, starting at n = 0, read as follows
For = 0 5 and writing -= d, these identities start at n = 1 and read as follows
is a derivation with respect to the binary bracket (3.3) and the usual (shifted) Jacobi identity holds for the binary bracket (first line of (3.4)) up to homotopy correction terms (second line of (3.4)).
Remark 3.5. If the n-ary brackets are identically zero for n > 1, one obtains an ordinary algebra with differential d = -; if the brackets are zero for n > 2, one obtains a Lie algebra. 4 The Koszul sign of a transposition of two elements x i , x j is defined by (-1) |x i ||x j | , where |x i | denotes the degree of x i . This definition is then extended multiplicatively to an arbitrary permutation using a decomposition into transpositions. 5 The 0-ary "bracket" of an L ∞ algebra is simply a distinguished element. If this element is non-zero, the L ∞ is said to be curved. However, in what follows we will never need curved L ∞ algebras.
Voronov's derived brackets
Constructing non-trivial examples of L ∞ algebras might seem like a daunting task, as it involves infinitely many multilinear maps satisfying infinitely many compatibility conditions. Here we follow Frégier-Zambon [7, 8] and use a simple construction due to Voronov [14, 15] , which constructs an L ∞ algebra from simple data. Definition 3.8. Let (g, [-,-] ) be a graded Lie algebra and let a be an Abelian subalgebra. Let P : g a be a projection such that ker P ⊂ g is a subalgebra and let
Theorem 3.9 [14] . Let M ∈ g P a be (curved) Voronov data.
and a 1 , ... , a n ∈ a. Up to permutation of the entries all other multibrackets are set to vanish.
Remark 3.10. Theorem remains true if the inner derivation [M,-] is replaced by an arbitrary derivation, which was shown in [15] The construction of an L ∞ algebra via derived brackets might appear like a specialized class of examples. However, they are in fact very general: any L ∞ algebra can be given via derived brackets [8, Prop. 2.12] .
Remark 3.12. Let M ∈ g P a be Voronov data. Then Φ ∈ a 0 is a Maurer-Cartan element of a P M if and only if M ∈ ker P Φ .
An L ∞ algebra structure on the Gerstenhaber-Schack complex
Now let A be a diagram of algebras over U = U W V and let
Let g = n≥0 g n and a = n≥0 a n be defined by
and equip g with the Gerstenhaber bracket denoted by [-,-] and defined as follows.
Definition 4.1. Given two multilinear maps
for 0 ≤ i ≤ n and write
The Gerstenhaber bracket is then defined by
Note that a ⊂ g is a subalgebra. Now let P : g a be the projection and set M = µ ⊕ ν ⊕ ξ ∈ ker P ∩ g 1 . Each of µ, ν, ξ is only composable with itself and so
since µ, ν, ξ are associative. Lemma 4.2. ker P is a subalgebra of g.
Proof.
We can decompose ker P as
One checks that the kernel is closed under compositions • i , thus also under the bracket.
We thus get the following. 
where
and higher commutators with Φ vanish. We have that
which is zero if and only if
i.e. if and only if
so that ϕ, respectively ψ, are morphisms compatible with the algebra structures on A U and A W , respectively A V and A W .
We can now prove the following result.
Let g ⊂ g be the subalgebra defined by
and let M = µ ⊕ ν ⊕ ξ ∈ g 1 and Φ = ϕ ⊕ ψ ∈ a 0 be arbitrary. Then
is a diagram of associative algebras if and only if
Proof. Calculate ( M[1] ⊕ Φ) n to see that exp Φ = 0 corresponds precisely to
which is essentially the Gerstenhaber bracket extended from the case of algebras to two algebras and morphisms between them.
Proposition 4.7. The multibrackets of ( g[1]⊕a)
P Φ M may be given explicitly by the following formulae
for homogeneous elements x ∈ g and a, a 1 , a 2 ∈ a. A formula for x [1] , a 1 , ... , a n ∈ a is given in the proof. Moreover,
Proof. This is obtained by computing the Gerstenhaber brackets in Theorem 3.10 applied
⊕ a for some x ∈ g n and a ∈ a m , Theorem 3.10 gives the following formula
and
We give a visual proof, denoting inputs and outputs in A U , A V , A W by , , , respectively, to write (4.8) in operadic notation as
(Inputs are at the bottom and outputs at the top of the diagram.)
We can now calculate the Gerstenhaber brackets in g. 
Computation of x[1]
...
⊕ (-1)
... ...
= -Φ • x
In 
We thus have
where d ∆ is the simplicial differential defined in Definition A.3.
Computation of P Φ ([M, a]).
To calculate P Φ (a) = P([M, a] + [[M, a], Φ] + 1 2 [[[M, a], Φ], Φ] + · · · ) we calculate [M, a] = ... ⊕ (-1) m ... ⊕ ... ⊕ (-1) m ... ⊕ (-1) m+1 m i=0 (-1) i ... ... ⊕ (-1) m+1 m i=0 (-1) i ... ... [[M, a], Φ] = ... + (-1) m ... ⊕ ... + (-1) m ... ⊕ ... ⊕ (-1) m ... ⊕ ... ⊕ (-1) m ...
The first line of [M, a] and the second line of [[M, a], Φ] have mixed inputs and thus map to 0 under P. Moreover, higher commutators with Φ vanish as [[M, a], Φ] has neither A U or A V outputs nor A W inputs (i.e. no or on the top, nor a on the bottom). Thus
Computation of higher brackets. The higher brackets are calculated similarly, giving
Note that this is essentially the Gerstenhaber bracket, replacing id by Φ wherever necessary, see Definition 4.6. Finally, x[1], a 1 , . .. , a n = P Φ [... [[x, a 1 ], a 2 ] , ... , a n ] is obtained by plugging the outputs of a 1 , ... , a n into n different inputs of x. .[[x, a 1 ], a 2 ] , ... , a n ]) = Here (-1) I is a sign, which for x ∈ g 1 and a 1 , a 2 ∈ a 0 is given by 
Obstruction theory via L ∞ algebras
Let A be a diagram of associative algebras on U = U W V and A ε be defined by
If µ, ν, ξ denote the associative multiplications on A(U), A(V ), A(W), respectively, let µ 0 , ν 0 , ξ 0 denote their obvious extensions to A ε (U), A ε (V ), A ε (W), respectively. Similarly, let ϕ : A(U) A(W) and ψ : A(V ) A(W) be the images of the morphisms in U under A, which extend to morphisms ϕ 0 : A ε (U)
A ε (W) and
6 up to a different sign convention for the total differential so that M ⊕ Φ ∈ gs(A ε ).
A formal deformation of A is given by M + M and Φ + Φ, where M = n≥1 M n ε n and Φ = n≥1 Φ n ε n for
which is equivalent to
Using the explicit formulae given in Proposition 4.7, we may rewrite the brackets in the second line as follows
Thus, we have that M [1] ⊕ Φ ∈ MC(gs(A)) if and only if M + M is a triple of associative multiplications and
Collecting powers of ε, we can rewrite (4.13) as
Remark 4.14. We note that, unlike the Maurer-Cartan equation for a Lie algebra, the Maurer-Cartan equation in (4.12) contains a ternary bracket.
Deformations of Coh(X)
Let X be a smooth semi-separated scheme which can be covered by two acyclic open sets U, V . The sheaf cohomology of X can be calculated as theČech cohomology of the open cover U = {U, V }, whence H i (X, F ) ≃Ȟ i (U, F | U ) = 0 for i ≥ 2 and any coherent sheaf
For such X, we thus get that deformations of Coh(X) are parametrized by
with obstructions in
In particular, if X is a surface, then Λ 3 T X = 0 and H 1 (X, Λ 2 T X ) is its only obstruction space.
In the introduction we mentioned that a deformation of Coh(X) can be thought of as a simultaneous deformation quantization of O X and deformation of the complex structure of X. We now explain how these can be reformulated in terms of deformations of diagrams.
Deformation quantization
Let X be a smooth complex algebraic variety and let η ∈ H 0 (X, Λ 2 T X ) be a global bivector field with vanishing Schouten-Nijenhuis bracket [η, η] ∈ H 0 (X, Λ 3 T X ). Then η defines a holomorphic Poisson structure {-,-} η by
where d denotes the exterior derivative and -,-the pairing between vector fields and forms.
A star product on a variety X is a C -bilinear associative multiplication
where B i are bidifferential operators. (Here is a formal parameter, which we called ε elsewhere.) A deformation quantization of a Poisson variety (X, η) is a star product on X with first term B 1 (f , g) = {f , g} η .
A deformation quantization of X is thus already given as a collection of bilinear maps B i deforming the commutative product of sections over an open set and the restriction of (O X , ⋆) to an open cover U of acyclic open sets gives a formal deformation of the diagram O X | U with parameter .
As part of the proof of his Formality Conjecture in [11] , Kontsevich gave an explicit construction of a star product on R d . This star product works equally on C d and quantizations of algebraic varieties were discussed in [12] .
For a Poisson structure η on C d , the Kontsevich star product ⋆ K is defined by
where Γ is an "admissible" graph, G n,2 is a finite set of such graphs, B Γ are bidifferential operators constructed from Γ and w Γ is the weight of Γ defined in terms of integral over a certain configuration space.
Lemma 5.2 [5] . Up to second order in the Kontsevich star product for η on C d is given by
Applications and examples
Curves
Any smooth projective curve can be covered by two acyclic open sets. Since also Λ i T X = 0 for i ≥ 2 we have that deformations of Coh(X) are parametrized by
and all obstructions vanish. It is well known that
(6.2) and deformations of Coh(X) capture precisely deformations of the complex structure of X.
Surfaces and higher dimensions
If X is smooth projective of dim C = n ≥ 2, then by Serre duality we have that H n (X, ω) ≃ H 0 (X, O X ) * ≃ C 0. Thus X cannot be covered by two acyclic open sets.
Thus, applications are limited to curves or non-compact spaces. Corollary 4.11 can be applied for example to X = Tot E, where E is a vector bundle over a complex curve C (of any genus). We will apply this corollary to the noncompact surfaces Z k = Tot O P 1 (-k) for k ≥ 1.
Note that for X = Tot E, at least one of the cohomology groups will be infinitedimensional over C. This can be avoided by considering the nth formal neighbourhood of C inside X, by considering the reduced scheme with local rings O X,x /I n+1 C , where I C is the ideal sheaf of C in X.
Computations for the noncompact surfaces Tot
In this final section, we would like to give one concrete example of the deformation-obstruction calculus for Coh(X) that was given in §5.
We consider the noncompact surfaces Z k = Tot O P 1 (-k) for k ≥ 1, which admits both classical and non-commutative deformations and f. The classical deformations of Z k have been described in [1] and deformation quantizations in [2] .
We recall that
is infinite over C, but may be written as a finitely generated module over the algebra
so that obstructions of Coh(Z k ) may be obstructed for k ≥ 4. The usual open charts on P 1 also give coordinate charts on Z k :
We refer to these as canonical coordinates.
Classical deformations
Recall from [1] 
for some coefficients t i ∈ C.
A classical deformation Z k (0, ϑ) of Z k can now be given by the same coordinate charts, but with the identification
(In fact, Z k (0, ϑ) can be thought of as a deformation of the vector bundle structure of Z k = Tot O P 1 (-k) to an affine bundle structure over P 1 , see [1, §5] .) Regarded as a formal deformation parametrized by ϑ, the change of coordinates (7.2) is given by
Non-commutative deformations
In this section our aim is to give one particular Poisson structure η ∈ H 0 (Z k , Λ 2 T Z k ) for each k ≥ 1 and explain how it can be quantized. In §7.3 we shall then compute the obstruction of
, where ϑ parametrizes a classical deformation of Z k , as described in §7.1. For a detailed study of deformation quantizations of Z k we refer to [2] . Since Z k is a surface, Λ 3 T Z k = 0 and any η ∈ H 0 (Z k , T Z k ) defines a global Poisson structure on Z k . Lemma 7.4 [2] . H 0 (Z k , Λ 2 T Z k ) is a finitely generated module over the algebra of global functions on Z k . In canonical coordinates, generators can be given by 
where U ≃ C 2 is endowed with the Kontsevich star product associated to η U .
Explicit obstructions
In §7.1-7.2 we saw that cohomology classes ϑ ∈ H 1 (Z k , T Z k ) and η ∈ H 0 (Z k , Λ 2 T Z k ) give rise to classical (commutative) and non-commutative deformations of O Z k | U . We now give an example of the obstruction calculus for Coh(Z k ) to show that there may be obstructions to simultaneous deformations. In other words, a general 2-cocycle representing
may be obstructed, even though η and ϑ individually parametrize unobstructed deformations of Coh(Z k ).
We choose the 1-cocycle ϑ = t i z -k+i ∂ u (rather than a sum over 1 ≤ i ≤ k -1) and the Poisson structure given by the global bivector field (zu For η ⊕ ϑ, the obstruction in ε is of the form {ψ 0 (-), ψ 0 (-)} + ψ 1 (-)ψ 0 (-) + ψ 0 (-)ψ 1 (-) = ψ 0 ({-,-}) + ψ 1 (-· -).
which is easily checked to be satisfied. The obstruction in ε 2 is of the form ψ 2 (-· -) + ψ 0 (ν 2 (-,-)) + ψ 1 (ν 1 (-,-)) = ψ 0 (-)ψ 2 (-) + ψ 2 (-)ψ 0 (-) + ξ 2 (ψ 0 (-), ψ 0 (-)) + ψ 1 (-)ψ 1 (-) + ξ 1 (ψ 0 (-), ψ 1 (-)) + ξ 1 (ψ 1 (-), ψ 0 (-))
where we have written · for the usual multiplication ν 0 or ξ 0 on V , respectively U ∩ V . When η -respectively ϑ -vanishes, this obstruction reads ψ 2 (-· -) = ψ 0 (-)ψ 2 (-) + ψ 2 (-)ψ 0 (-) + ψ 1 (-)ψ 1 (-) respectively ψ 0 (ν 2 (-,-)) = ξ 2 (ψ 0 (-), ψ 0 (-)).
By construction these obstructions are satisfied for the definitions of ψ i , ν i , ξ i . It remains to check the obstruction involving higher terms of both ψ i on the one hand, and ν i , ξ i on the other. This obstruction reads ψ 1 (ν 1 (-,-)) = ξ 1 (ψ 0 (-), ψ 1 (-)) + ξ 1 (ψ 1 (-), ψ 0 (-)) (7.7)
The individual terms applied to arbitrary monomials ζ a v b , ζ c v d read as follows. is given by taking E = F ⊗q in Definition A.3.
